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Abstract

A meshless local Petrov–Galerkin approach is employed for solving the coupled radiative and conductive heat transfer in absorbing, emitting
and scattering media. The meshless local Petrov–Galerkin approach with upwind scheme for radiative transfer is based on the discrete ordinate
equations. The moving least square approximation is used to construct the shape function. Three particular test cases for coupled radiative and
conductive heat transfer are examined to verify this new approximate method. The dimensionless temperatures and the dimensionless heat fluxes
are obtained. The results are compared with the other benchmark approximate solutions. By comparison, the results show that the meshless local
Petrov–Galerkin approach has a good accuracy in solving the coupled radiative and conductive heat transfer in absorbing, emitting and scattering
media.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Coupled radiative and conductive heat transfer in a semi-
transparent media is a problem of considerable practical im-
portance in engineering applications. It serves as the basis, for
example, in the analysis of the thermal performance of porous
insulating materials such as fibers, powders, foams and many
others. A solution of coupled radiative and conductive heat
transfer involves two parts: the evaluation of the spatial distrib-
utions of the radiative energy source and the solution of the heat
diffusion equation. Due to the mathematical complexity associ-
ated with radiation, some approximate methods are necessary
for analysis of coupled radiative and conductive heat transfer in
practical engineering.

Many approximation methods have been proposed to solve
coupled radiative and conductive heat transfer in a semitrans-
parent media. Viskanta and Grosh [1,2] analyzed numeri-
cally the problem of combined conduction radiation in a one-
dimensional absorbing and emitting medium bounded by two
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parallel plates using an iterative method. Yuen and Wong [3]
used a successive approximation technique to solve the heat
transfer by conduction and radiation in a one-dimensional
absorbing, emitting and anisotropically-scattering medium.
Enoch et al. [4] presented a polynomial approximation solu-
tion of heat transfer by conduction and radiation in a one-
dimensional absorbing, emitting, and scattering medium. Nice
[5] studied a combined conductive–radiative heat transfer in
one-dimensional semitransparent slab using finite element tech-
niques. Burns et al. [6] analyzed numerically the problem of
combined conduction radiation in a one-dimensional participat-
ing medium using a traditional Galerkin finite element method
and the Swartz–Wendroff approximation. Yuen and Takara [7]
analyzed a combined conductive–radiative heat transfer in two-
dimensional rectangular enclosures by using a class of general-
ized exponential integral function. Razzaque et al. [8] employed
the finite element method to solve a coupled conductive and ra-
diative heat transfer in two-dimensional rectangular enclosures
with gray participating media. Kim and Back [9] studied a cou-
pled conductive and radiative heat transfer in two-dimensional
rectangular enclosures, in which the central difference scheme
was used to discretize the heat diffusion equation and the dis-
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Nomenclature

a Coefficients for MLS approximation in Eq. (12)
a Vector of coefficient a

A Matrix defined in Eq. (15)
B Matrix defined in Eq. (16)
g Scattering asymmetry factor
gqs Quartic spline functions
G Dimensionless radiative intensity
Gw Wall dimensionless radiative intensity
I Radiative intensity
k Order of monomial basis
kc Thermal conductivity
K Coefficients in linear equations
M Number of discrete ordinates for radiative transfer

equation
n Number of the nodes used for MLS approximation
nw Outward unit normal of boundary surface
nw Outward unit normal vector of boundary surface
N Number of scattered nodes in entire domain and its

boundary
NCR Conduction to radiation parameter
p Monomial basis
qx, qy, qz Directional heat fluxes
Qx,Qy,Qz Dimensionless heat fluxes defined in Eqs. (40)–

(42)
sm Unit vector in the direction m

T Temperature
Tref Reference temperature

u Trial function
u Vector of trial function
v Test function
vsh Shifted test function
VS Local sub-domain for weighted integration
Vx Domain of definition of MLS approximation for the

trial function at x
wm Weight corresponding to the direction m

wMLS MLS weight function
x Vector of optical location
xQ Gaussian quadrature points

Greek symbols

αMLS, αGQ Dimensionless size parameters
β Extinction coefficient
Γ Boundary of entire problem domain
εw Wall emissivity
Θ Dimensionless temperature
Θw Wall dimensionless temperature
μ,η, ξ Direction cosines
σ Stefan–Boltzmann constant
τx, τy, τz Optical thickness variables
τL Optical width
φ Shape function
Φ Scattering phase function
ω Single scattering albedo
Ω Solid angle
crete ordinates method is adopted to solve the radiative transfer
equation.

Recently, with the development of computer and computa-
tional technique, many numerical methods have been devel-
oped to solve the integro-differential radiative transfer equation
in semitransparent media, for example, Monte Carlo method,
zonal method, discrete ordinates method, finite volume method,
finite element method and so on [10,11]. After solving the spa-
tial distributions of the radiative energy source, heat diffusion
equation can be solved by using finite difference method [12]
or finite element method [13]. The combination of the meth-
ods stated above can be used to deal with the coupled radiative
and conductive heat transfer in multi-dimensional complicated
geometry. However, because the problem domain needs to be
discretized into meshes, these traditional methods, especially
the finite element method, suffer from drawbacks such as te-
dious meshing and re-meshing in problems of large deforma-
tions.

In the community of computational mechanics, many mesh-
less methods have been proposed for the problem of computa-
tional mechanics to avoid the tedious meshing and re-meshing.
Meshless method is used to establish a system of algebraic
equations for whole problem domain without the use of a pre-
defined mesh. Meshless method uses a set of nodes scattered
within the problem domain and its boundaries. These scattered
nodes do not form a mesh, which means that no information on
the relationship between the nodes is required. Various meth-
ods belonging to this family are the element free Galerkin
method, the meshless local Petrov–Galerkin (MLPG) method,
the point interpolation method, the smoothed particle hydro-
dynamics method and so on [14–16]. Among these methods,
MLPG method is a truly meshless method, which was origi-
nated by Atluri and Zhu [17] for the problem of computational
mechanics. Recently, meshless methods were introduced into
the community of heat transfer. Singh et al. [18] dealt with
the transient and steady-state solution of two-dimensional heat
transfer through the fins using a meshless element free Galerkin
method. Liu [19,20] develop an MLPG method based on the
discrete-ordinates equation for radiative heat transfer and ex-
tended it to solve the radiative heat transfer problems in semi-
transparent medium with graded refractive index. Liu et al. [21]
applied the MLPG approach for coupled radiative and conduc-
tive heat transfer in one-dimensional graded index medium.
Sadat [22] used a meshless collocation method to solve radia-
tive transfer problems. Both the primitive and the even parity
formulations of the discrete ordinates method have been con-
sidered. It was found that the meshless method based on the
primitive formulation appeared to be unstable and lead to os-
cillatory results while the meshless method based on the even
parity formulation was seen to be stable in all situations. Liu
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and Tan [23] found that the MLPG solution for radiative heat
transfer problems sometimes also suffers oscillatory behavior.

The treatment of this oscillatory needs to exam the char-
acteristics of radiative transfer equation in detail. Consider ra-
diative transfer in a semitransparent medium. Taking direction
cosines in radiative transfer equation as velocity components in
the corresponding coordinate directions, respectively, the first
derivative of radiative intensity can be considered as a con-
vection term. Therefore, radiative transfer equation is a special
case of the general convection–diffusion equation [24]. It is
well known that convection–diffusion equations are some of
the most difficult problems to solve numerically. Sometimes,
the presence of the convection terms may cause oscillatory be-
havior of solutions. This type of instability can occur in many
numerical methods including finite difference method, finite
element method and meshless method if no special stability
treatment is taken. The key to overcome this problem is to effec-
tively capture the upstream information. The so-called upwind
scheme similar to that widely used in finite difference method
was developed in meshless methods to solve the problems of
fluid dynamics [25].

In this paper, we employ a MLPG method for solving the
coupled radiative and conduction heat transfer in semitranspar-
ent participating media, in which the standard MLPG method
is used for solving heat conduction equation, while an upwind
scheme of MLPG method is specially applied for solving ra-
diative heat transfer based on the discrete-ordinates equations.
The moving least square approximation is used to construct the
shape function. Three cases of coupled radiative and conductive
heat transfer in semitransparent media are examined to verify
this new solution method for the problems of coupled radiative
and conductive heat transfer.

2. Mathematical formulation

2.1. Physical model and control equation

We consider a semitransparent gray medium enclosed by
opaque diffuse walls. For a steady-state coupled radiative and
conductive heat transfer with the first boundary condition, by
using the discrete ordinate approximation the dimensionless en-
ergy equation and the dimensionless radiative transfer equation
can be written as

∂2Θ

∂τ 2
x

+ ∂2Θ

∂τ 2
y

+ ∂2Θ

∂τ 2
z

= (1 − ω)

NCR

(
Θ4 − 1

4

M∑
m=1

Gmwm

)
(1)

μm ∂Gm

∂τx

+ ηm ∂Gm

∂τy

+ ξm ∂Gm

∂τz

= −Gm + 1 − ω

π
Θ4 + ω

4π

M∑
m′=1

Gm′
Φm,m′

wm′

m = 1,2, . . . ,M (2)

with boundary conditions

ΘΓ = Θw (3)
Gm
w = εwΘ4

w

π
+ 1 − εw

π

∑
nw ·sm′>0

|nw · sm′ |Gm′
w wm′

|nw · sm| < 0 (4)

Here, the dimensionless temperature Θ , the optical thickness
variable τx , τy and τz, the conduction-to-radiation parameter
NCR, and the dimensionless radiative intensity G are defined,
respectively, as follows

Θ = T

Tref
(5)

τx = βx (6)

τy = βy (7)

τz = βz (8)

NCR = kcβ

4σT 3
ref

(9)

G = I

σT 4
ref

(10)

In the expressions written above, ω is the single scattering
albedo, Φ is the scattering phase function, εw is the wall emis-
sivity, nw is the outward unit normal vector of boundary sur-
face, sm′ is the unit vector in the direction m′, μm, ηm and ξm

are the direction cosine, wm is the weight corresponding to the
direction m, β is the extinction coefficient, kc is the thermal
conductivity, I is the radiative intensity, and Tref is the ref-
erence temperature. By removing the forward scattering from
right side of Eq. (2) to the left side, the dimensionless radiative
transfer equation can be rewritten as [26]

μm ∂Gm

∂τx

+ ηm ∂Gm

∂τy

+ ξm ∂Gm

∂τz

+
(

1 − ω

4π
Φmmwm

)
Gm

=
(

1 − ω

π
Θ4 + ω

4π

M∑
m′=1, m′ �=m

Gm′
Φm,m′

wm′
)

(11)

2.2. Moving least square approximation

In MLPG implementation, Moving Least Square (MLS) ap-
proximation [14–17] is employed for constructing shape func-
tions. Consider a spatial sub-domain Vx, the neighborhood of
a point x and denoted as the domain of definition of MLS ap-
proximation for the trial function at x, which is located within
the problem domain. To approximate the distribution of func-
tion u inVx, over a number of local nodes {xi}, i = 1,2, . . . , n,
the MLS approximant ũ(x) of u,∀x ∈ Vx, can be defined by

ũ =
k∑

j=0

pj (x)aj (x) = pT (x)a(x) (12)

where pT (x) = [p1(x),p2(x), . . . , pk(x)] is a complete mono-
mial basis of order k, and a(x) is a vector containing coeffi-
cients aj (x), j = 1,2, . . . , k, which are functions of the spatial
coordinates x = [τx, τy, τz]T . The coefficient vector a(x) is de-
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termined by minimizing a weighted discrete L2 norm, defined
as:

J
[
a(x)

] =
n∑

i=1

wMLS
i

[
pT (xi )a(x) − ũi

]2 (13)

where xi denotes the value of x at node i; wMLS
i (x) is the MLS

weight function associated with the node i, with wMLS
i (x) > 0

for all x in the support of wMLS
i (x); and n is the number of

nodes in Vx for which the weight functions wMLS
i (x) > 0. Here,

ũi in Eq. (13) is the fictitious nodal value, and not the nodal
value of unknown trial function ũi in general.

The stationary of J with respect to a(x) leads to the follow-
ing linear relation between a(x) and û.

A(x)a(x) = B(x)û (14)

where the matrices A(x), B(x) and û are defined by

A(x) =
n∑

i=1

wMLS
i (x)p(xi )pT (xi ) (15)

B(x) = [
wMLS

1 (x)p(x1),w
MLS
2 (x)p(x2), . . . ,w

MLS
n (x)p(xn)

]
(16)

û = [û1, û2, . . . , ûn] (17)

Solving for a(x) from Eq. (14) and substituting it into Eq. (12)
gives a relation which may be written in the form of an inter-
polation function similar to that used in finite element method,
as

ũ(x) =
n∑

i=1

φi(x)ûi , ∀x ∈ Vx (18)

where

φi(x) =
k∑

j=1

pj (x)
[
A−1(x)B(x)

]
ji

(19)

Here, φi(x) is usually called as the shape function of MLS ap-
proximation corresponding to nodal point xi . The partial deriv-
atives of the shape function is obtained as

φi,l(x) =
k∑

j=1

{
pj,l

[
A−1B

]
ji

+ pj

[
A−1B,l + (

A−1)
,l

B
]
ji

}
,

(20)

where ( ),l = ∂( )/∂l represents the derivative with respect to
spatial coordinate l, l = τx, τy, τz.

2.3. Standard MPLG and upwind scheme of the MPLG

The MLPG method is based on Petrov–Galerkin weighting
procedures. Different spaces for the test and trial functions can
be used. The quartic spline functions are often used to construct
the weight function for the MLS approximation and test func-
tion in the weighted integration for the standard MLPG method.
One of the often used quartic spline functions is given as fol-
lows [2]:

gqs(r) =
{

1 − 6r2 + 8r3 − 3r4, r � 1 (21)

0, r > 1
where r is the dimensionless distance. In the standard MLPG
method, the weight function wMLS(x − xi ) for the MLS ap-
proximation and the test function v(x − xi ) in the weighted
integration can be constructed as follows:

wMLS(x − xi ) = gqs

(∣∣∣∣ τx − τxi

αMLS�τx

∣∣∣∣
)

gqs

(∣∣∣∣ τy − τyi

αMLS�τy

∣∣∣∣
)

× gqs

(∣∣∣∣ τz − τzi

αMLS�τz

∣∣∣∣
)

(22)

v(x − xi ) = gqs

(∣∣∣∣ τx − τxi

αGQ�τx

∣∣∣∣
)

gqs

(∣∣∣∣ τy − τyi

αGQ�τy

∣∣∣∣
)

× gqs

(∣∣∣∣ τz − τzi

αGQ�τz

∣∣∣∣
)

(23)

where �τx , �τy and �τz are the average nodal spacing be-
tween two neighboring nodes in the τx , τy and τz coordinate
directions, respectively; αMLS and αGQ are dimensionless size
parameters.

Because the quartic spline function defined in Eq. (21) is
a symmetric compact support function, in the standard MLPG
method, both the weight function wMLS(x − xi ) for the MLS
approximation and the test function v(x − xi ) in the weighted
integration capture the upwind and the downwind information
equally. Therefore, one of the natural ways to construct upwind
scheme is to choose different trial and test functions to effec-
tively capture the upstream information. Lin and Atluri [25]
choose a skewed weight function for the test function v(x−xi ).
As shown in Fig. 1, the position of the maximum of the normal
test function is shifted xi from to x′

i along the upwind direction.
Following this way, for the radiative transfer along the direc-
tion sm = iμm + jηm + kξm, a upwind scheme of MLPG for
radiative transfer equation can be set up by keeping the weight
function wMLS(x − xi ) same as Eq. (22), but shifting the posi-
tion of the maximum of the test function along the right-about
of radiative transfer direction as follows:

τ ′
xi

= τxi
− csμ

mαQ �τx (24a)

τ ′
yi

= τyi
− csη

mαQ �τy (24b)

τ ′
zi

= τzi
− csξ

mαQ �τz (24c)

where cs is the shift parameter of the test function. After shifted,
the test function in the weighted integration is changed as fol-
lowing

Fig. 1. Test function and its shift.
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vsh(x − xi ) = gqs

(∣∣∣∣ τx − τxi
+ csμ

mαGQ�τx

[1 + sign(τx − τxi
)csμm]αGQ�τx

∣∣∣∣
)

× gqs

(∣∣∣∣ τy − τyi
+ csη

mαGQ�τy

[1 + sign(τy − τyi
)csηm]αGQ�τy

∣∣∣∣
)

× gqs

(∣∣∣∣ τz − τzi
+ csξ

mαGQ�τz

[1 + sign(τz − τzi
)csξm]αGQ�τz

∣∣∣∣
)

(25)

where sign(a) is a sign function defined as

sign(a) =
{

1, a � 0
−1, a < 0

(26)

The upwind scheme given by Eqs. (24) and (25) can be very
easily implemented, and the optimum shift parameter cs = 0.5
is recommended in Ref. [23].

2.4. Discretization and numerical implementation

The upwind scheme of MLPG method is used for solving
radiative heat transfer based on the discrete-ordinates equations
The dimensionless radiative transfer equation (11) is weighted
using the shifted test function over the local sub-domain VS ,
which is located entirely inside the global problem domain. The
integrated residuals are set to zero∫
VS

[
μm ∂Gm

∂τx

+ ηm ∂Gm

∂τy

+ ξm ∂Gm

∂τz

+
(

1 − ω

4π
Φmmwm

)
Gm

−
(

1 − ω

π
Θ4 + ω

4π

M∑
m′=1, m′ �=m

Gm′
Φm,m′

wm′
)]

× vsh(x − xi )dV = 0

i = 1,2, . . . ,N (27)

Here N is the total number of nodes. Substitution of Eqs. (18)–
(20) into Eq. (27) for all nodes leads to the following discretized
system of linear equations:

N∑
j=1

Km
ij Gm

j = f m
i , i = 1,2, . . . ,N (28)

where

Km
ij =

∫
VS

[
μmφj,x(x) + ηmφj,y(x) + ξmφj,z(x)

+
(

κ + σ − σ

4π
Φmmwm

)
φj (x)

]
vsh(x − xi )dV (29)

f m
i =

∫
VS

(
κIb + σ

4π

M∑
m′=1, m′ �=m

Gm′
Φm′mwm′

)

× vsh(x − xi )dV (30)

Eq. (28) is solved independently for each direction, and the
boundary conditions must be imposed on the inflow bound-
ary. For each node i on the inflow boundary, the dimensionless
radiative intensity Gm

i is given by Eq. (4), and the boundary
condition can be directly imposed as follows:
Km
ij =

{
1, i = j

0, i �= j
(31)

f m
i = Gm

i (32)

Because the in-scattering term in the discrete-ordinates equa-
tion at the direction m contains the radiative intensities of the
other direction, the global iterations similar to that used in
discrete-ordinates method are necessary to include the source
and boundary conditions.

The standard MLPG method is used for solving heat conduc-
tion equation. The weighted integral form of the dimensionless
energy equation is given as

∫
VS

[
∂2Θ

∂τ 2
x

+ ∂2Θ

∂τ 2
y

+ ∂2Θ

∂τ 2
z

− (1 − ω)

NCR

(
Θ4 − 1

4

M∑
m=1

Gmwm

)]

× v(x − xi )dV = 0 (33)

Using v∇2Θ = Θ,llv = (Θ,lv),l − Θ,lv,l and the divergence
theorem yields the following expression∫
VS

[
∂v

∂τx

∂Θ

∂τx

+ ∂v

∂τy

∂Θ

∂τy

+ ∂v

∂τz

∂Θ

∂τz

]
dV −

∫
Γ

v(x − xi )
∂Θ

∂nw

dΓ

= −
∫
VS

[
(1 − ω)

NCR

(
Θ4 − 1

4

M∑
m=1

Gmwm

)]
v(x − xi )dV (34)

where Γ is the boundary of entire domain and nw is the outward
unit normal to the boundary Γ . Substitution of Eqs. (18)–(20)
into Eq. (34) for all nodes leads to the following discretized
system of linear equations:

N∑
j=1

KijΘj = fi, i = 1,2, . . . ,N (35)

where

Kij =
∫
VS

[
φj,τx (x)v,τx (x − xi ) + φj,τy (x)v,τy (x − xi )

+ φj,τz (x)v,τz (x − xi )
]

dV −
∫
Γ

φj,nw (x)v(x − xi )dΓ

(36)

fi = −
∫
VS

[
(1 − ω)

NCR

(
Θ4 − 1

4

M∑
m=1

Gmwm

)]
v(x − xi )dV (37)

For each node i on the boundary, the dimensionless temper-
ature Θ is given by Eq. (3), and the boundary condition can be
directly imposed as follows:

Kij =
{

1, i = j

0, i �= j
(38)

fi = Θi (39)

Because the energy equation contains the unknown radia-
tive source and the radiative transfer equation contains un-
known temperature, the global iterations are necessary to in-
clude radiation–conduction interactions. The implementation
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of the MLPG method for solving the coupled radiative and
conductive heat transfer can be carried out according to the fol-
lowing routine:

Step 1: Choose a finite number of nodes in the problem do-
main and its boundaries; decide the basis function, MLS weight
function and test function such that the MLS approximation is
well defined and the weighted integrations of the dimensionless
energy equation and the dimensionless radiative transfer equa-
tion can be implemented.

Step 2: Determine the local sub-domain VS and its bound-
ary for each node, and calculate Gaussian quadrature points xQ

in VS .
Step 3: Determine the nodes xi located in the domain of def-

inition of the MLS approximation for the trial function at point
xQ, i.e., those nodes with wi(xQ) > 0.

Step 4: For those nodes in the domain of definition of the
MLS approximation of trial function at point xQ; calculate
shape function φi(xQ) and the derivatives φi,x(xQ),φi,y(xQ),

φi,z(xQ) and φi,nw (xQ).
Step 5: Set the initial values of dimensionless temperature.
Step 6: Knowing the dimensionless temperatures, evaluate

numerical integrals in Eqs. (29) and (30), assemble contribu-
tions to the linear system Eq. (28), and solve the set of linear
equations for the fictitious nodal values of the dimensionless
radiative intensities for all nodes.

Step 7: Knowing the dimensionless radiative intensities,
evaluate numerical integrals in Eqs. (36) and (37), assemble
contributions to the linear system Eq. (35), and solve the set
of linear equations for the fictitious nodal values of the dimen-
sionless temperatures for all nodes.

Step 8: Terminate the iteration process if the specified stop-
ping criterion is satisfied. Otherwise, go back to step 6.

3. Results and discussions

To verify the meshless local Petrov–Galerkin approach for
coupled radiative and conductive heat transfer, three particular
test cases for coupled radiative and conductive heat transfer are
examined. The particular test cases are selected because exact,
or at least very precise, solutions of the coupled radiative and
conductive heat transfer exist for comparison with the MLPG
approach. A computer code based on the preceding calculation
procedure was written. Node densification studies were also
performed for the physical model to ensure that the essential
physics are independent of node number. For the following nu-
merical study, the equal weight even quadrature S6 is selected,
and Gaussian quadrature with 6 integration points in each coor-
dinate is employed to evaluate numerical integrals in Eqs. (29),
(30) and Eqs. (36), (37). The maximum relative error, 10−5,
of the dimensionless temperature or the dimensionless net wall
heat flux is taken as the stopping criterion of iteration.

The dimensionless heat fluxes Qx , Qy and Qz consist of
both conduction and radiation. They are defined as follows

Qx = qx

σT 4
= −4NCR

∂Θ

∂τx

+
M∑

Gmμmwm (40)

ref m=1
Qy = qy

σT 4
ref

= −4NCR
∂Θ

∂τy

+
M∑

m=1

Gmηmwm (41)

Qz = qz

σT 4
ref

= −4NCR
∂Θ

∂τz

+
M∑

m=1

Gmξmwm (42)

By using MLS approximation, the dimensionless heat fluxes
defined in Eqs. (40)–(42) can be rewritten as

Qx = −4NCR

n∑
i=1

φi,τx Θi +
M∑

m=1

Gmμmwm (43)

Qy = −4NCR

n∑
i=1

φi,τy Θi +
M∑

m=1

Gmηmwm (44)

Qz = −4NCR

n∑
i=1

φi,τzΘi +
M∑

m=1

Gmξmwm (45)

3.1. Case 1: One-dimensional non-scattering gray medium
between parallel black plates

Consider the coupled radiative and conductive heat transfer
in a layer of absorbing–emitting medium between parallel black
plates at dimensionless temperatures Θ0 and ΘL. The medium
between the plates is gray and has a constant thermal conduc-
tivity and absorption coefficient. The optical thickness of the
layer is τL. The MLPG approach is applied to solve distribution
of dimensionless temperatures and the profile of dimension-
less heat fluxes in the layer. 51 nodes are uniformly distributed
in the problem domain and its boundaries. The monomial ba-
sis pT (x) = [1, τx, τ

2
x ] is used, and the weight function for the

MLS approximation and the test function in the weighted in-
tegration of the dimensionless energy equation and the dimen-
sionless radiative transfer equation are given as follows:

wMLS(τx − τxi
) = gqs

(∣∣∣∣ τx − τxi

αMLS�τx

∣∣∣∣
)

(46)

v(τx − τxi
) = gqs

(∣∣∣∣ τx − τxi

αGQ�τx

∣∣∣∣
)

(47a)

vsh(τx − τxi
)

= gqs

(∣∣∣∣ τx − τxi
+ 0.5μmαGQ�τx

[1 + 0.5 sign(τx − τxi
)μm]αGQ�τx

∣∣∣∣
)

(47b)

where �τx is the average nodal spacing between two neighbor
nodes, and the dimensionless size parameters αMLS = 2.5 and
αGQ = 1.5 are used.

The dimensionless temperature distributions are presented
in Fig. 2 in the case of τL = 1.0, Θ0 = 1.0 and ΘL = 0.1
for three different conduction to radiation parameters NCR,
namely, 0.01, 0.1, and 1.0, and are compared with the classi-
cal analytical solutions obtained by Viskanta and Grosh [1] and
the solutions obtained by Burns et al. [6] using the quadratic
Swartz–Wendroff approximation. The MLPG results agree with
the solutions obtained by Viskanta and Grosh [1] and Burns et
al. [6] very well. The maximum relative error of the dimension-
less temperature based on the classical analytical solutions is
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Fig. 2. Dimensionless temperature distributions in gray medium between infi-
nite parallel black plates for the case of τL = 1.0,Θ0 = 1.0 and ΘL = 0.1.

Fig. 3. MLPG approximation of the dimensionless heat fluxes based on different
nodes in the case of τL = 1.0, NCR = 1.0, Θ0 = 1.0 and ΘL = 0.5.

less than 1%. The time required for computation is less than
10 seconds on a personal computer with Intel Pentium Pro
450 MHz processor. The convergence, CPU time and memory
requirements are of the same order of magnitude as that of finite
element method. However, meshless methods are competitive
for the problem with change of geometry shape, for example,
the inverse design of geometry shape, in which meshing and re-
meshing are needed with the change of the geometry shape. At
that time, for mesh-based method, such as FEM, meshing and
re-meshing are difficult task.

The MLPG approximation of the dimensionless heat fluxes
based on different nodes within the layer are profiled in Fig. 3 in
the case of τL = 1.0, NCR = 1.0, Θ0 = 1.0 and ΘL = 0.5. The-
oretically, the exact dimensionless heat flux is a constant in this
case, but the computed values of dimensionless heat flux by us-
ing MLPG approach vary with the location of nodes. This is be-
cause that, the dimensionless heat flux contains the information
concerning the derivatives of variables, but the moving least
Table 1
Dimensionless heat fluxes in the case of Θ0 = 1.0 for different values of τL ,
ΘL and NCR

τL ΘL NCR Dimensionless heat flux

Ref. [2] MLPG

0.1 0.5 0.01 1.074 1.101
0.1 0.5 0.1 2.880 2.900
0.1 0.5 1 20.88 20.89
0.1 0.5 10 200.88 200.79

1 0.5 0.01 0.596 0.571
1 0.5 0.1 0.798 0.773
1 0.5 1 2.600 2.575
1 0.5 10 20.60 20.56
1 0.1 0.01 0.658 0.635
1 0.1 0.1 0.991 0.972
1 0.1 1 4.218 4.198
1 0.1 10 36.60 36.57

10 0.5 0.01 0.114 0.113
10 0.5 0.1 0.131 0.133
10 0.5 1 0.315 0.315
10 0.5 10 2.114 2.113

squares approximation is based only on the information of the
values of variables at some nodes and the derivative information
is not used to construct the conventional MLPG approximation
solution. However, even in this case the averaged dimensionless
heat flux computed by using MLPG approach, 2.575, is very
close to the exact value, namely, 2.600. The maximum relative
error of the dimensionless heat flux is less than 4%.

The averaged dimensionless heat fluxes in the case of Θ0 =
1.0 for different values of τL, ΘL and NCR are computed by
using MLPG approach and given in Table 1. The results are
compared with those obtained by Viskanta and Grosh [2] us-
ing numerical integration and iteration. From Table 1, it can
be seen that the MLPG approach presented in this paper has
a good accuracy in solving the dimensionless heat fluxes in
one-dimensional non-scattering gray medium. The maximum
relative error of the dimensionless heat flux is less than 4.5%.

3.2. Case 2: One-dimensional scattering gray medium
between parallel diffuse gray plates

In this case, we consider the coupled radiative and conduc-
tive heat transfer in a layer of absorbing, emitting, and scatter-
ing medium between parallel diffuse plates. The medium and
the plates are gray. The following linear phase function is used:

Φ(μ,μ′) = 1 + gμμ′ (48)

The MLPG approach is applied to solve the distribution of di-
mensionless temperatures and the profile of dimensionless heat
fluxes in the layer. The nodal number, the monomial basis and
the weight function for the MLS approximation and the test
function are same as Case 1. The dimensionless heat flux in
the case of τL = 1.0, ε0 = εL = 1.0, ω = 1.0, Θ0 = 1.0 and
ΘL = 0.5 for different values of NCR and g are given in Ta-
ble 2, and compared with the results obtained by Yuen and
Wong [3] using a successive approximation technique. MLPG
results are very close to the values obtained by Yuen and Wong.
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Table 2
Dimensionless heat flux in the case of τL = 1.0, ε0 = εL = 1.0, ω = 1.0, Θ0 =
1.0 and ΘL = 0.5 for different values of NCR and g

NCR g Dimensionless heat flux

Ref. [3] MLPG

1.0 1.0 2.602 2.577
1.0 0.0 2.519 2.491
1.0 −1.0 2.456 2.425
0.01 1.0 0.622 0.627
0.01 0.0 0.539 0.542
0.01 −1.0 0.476 0.479

Fig. 4. Dimensionless temperature profile in a layer of absorbing, emitting, and
scattering medium between parallel diffuse plates for the case of NCR = 1.0,
τL = 10.0, ε0 = εL = 1.0, Θ0 = 1.0, ΘL = 0.5, ω = 0.5 and g = 1.0.

The maximum relative error of the dimensionless heat flux is
less than 2%.

The dimensionless temperature profile in the case of NCR =
1.0, τL = 10.0, ε0 = εL = 1.0, Θ0 = 1.0 and ΘL = 0.5, ω = 0.5
and g = 1.0 is shown in Fig. 4, and compared with the re-
sults obtained by Yuen and Wong [3]. No observable difference
could be detected between the MLPG results and the values ob-
tained by Yuen and Wong [3] when the results are presented in
graphical form.

3.3. Case 3: Two-dimensional absorbing–emitting media in a
Black Enclosure

As shown in Fig. 5, we consider the coupled radiative and
conductive heat transfer in a two-dimensional rectangular gray
semitransparent media enclosed by black boundaries. The opti-
cal thickness based on the side length L of rectangular enclo-
sure is τL = βL = 1.0. The dimensionless temperature of the
left-hand wall is maintained at 1.0 with other walls at 0.5.

The MLPG approach is applied to solve the distribution
of dimensionless temperatures and the profile of dimension-
less heat fluxes in the two-dimensional enclosure. As shown
in Fig. 5, 441 nodes are uniformly distributed in the prob-
lem domain and its boundaries. The monomial basis pT (x) =
[1, τx, τy, τ

2
x , τxτy, τ

2
y ] is used, and the weight function for the
Fig. 5. Two-dimensional rectangular geometry and the distribution of nodes.

MLS approximation and the test function in the weighted in-
tegration of the dimensionless energy equation and the dimen-
sionless radiative transfer equation are given as follows:

wMLS(x − xi ) = w

(∣∣∣∣ τx − τxi

αMLS�τx

∣∣∣∣
)

w

(∣∣∣∣ τy − τyi

αMLS�τy

∣∣∣∣
)

(49)

v(x − xi ) = w

(∣∣∣∣ τx − τxi

αGQ�τx

∣∣∣∣
)

w

(∣∣∣∣ τy − τyi

αGQ�τy

∣∣∣∣
)

(50a)

vsh(x − xi ) = gqs

(∣∣∣∣ τx − τxi
+ 0.5μmαGQ�τx

[1 + 0.5 sign(τx − τxi
)μm]αGQ�τx

∣∣∣∣
)

× gqs

(∣∣∣∣ τy − τyi
+ 0.5ηmαGQ�τy

[1 + 0.5 sign(τy − τyi
)ηm]αGQ�τy

∣∣∣∣
)

(50b)

where �τx and �τy are the average nodal spacing between two
neighbor nodes in τx and τy coordinate directions, respectively,
and the dimensionless size parameters αMLS = 2.5 and αGQ =
1.5 are used.

The profiles of the dimensionless temperatures and the di-
mensionless heat fluxes along the symmetry line at τy = 0.5
for the case of NCR = 1.0 are shown in Figs. 5 and 6, re-
spectively, and compared to the results obtained by Yuen and
Takara [7]. By comparison, it can be seen that the MLPG ap-
proach has a good accuracy in solving the coupled radiative
and conductive heat transfer in two-dimensional semitranspar-
ent media. The MLPG results are very close to those obtained
by Yuen and Takara [7]. Similar to Case 2, for the profile of the
dimensionless temperature, no observable difference could be
detected between the MLPG results and the values obtained by
Yuen and Takara [7] when the results are presented in graphi-
cal form. However, there exist some errors of the dimensionless
heat flux in the zone close to the left-hand wall. Even in this
case, the maximum relative error of MLPG approximation for
the dimensionless heat flux is less than 3%.
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Fig. 6. Dimensionless temperature profile along the symmetry line at τy = 0.5.

Fig. 7. Dimensionless heat flux profile along the symmetry line at τy = 0.5.

4. Conclusions

A MLPG approach is employed for solving the coupled ra-
diative and conductive heat transfer in absorbing, emitting and
scattering media. The meshless local Petrov–Galerkin approach
with upwind scheme for radiative transfer is based on the dis-
crete ordinate equations. The moving least square approxima-
tion is used to construct the shape function. Three particular
test cases for coupled radiative and conductive heat transfer
are examined to verify this new approximate method. The di-
mensionless temperatures and the dimensionless heat fluxes are
obtained. The results are compared with the other benchmark
approximate solutions. The results show that the MLPG ap-
proach has a good accuracy in solving the coupled radiative and
conductive heat transfer in absorbing, emitting and scattering
media. In comparison with the traditional numerical method,
such as, finite volume method, finite element method and so on,
the MLPG approach avoids the complex and time-consuming
meshing and re-meshing processes and can be used to solve
the coupled radiative and conductive heat transfer in multi-
dimensional absorbing, emitting and scattering media.
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